1.5. PaHr matpuubl. Teopema 0 COBMECTHOCTU
CUCTEeMbl IMHENHbIX YPaBHEHUMN

MycTb gaHa matpuua A4,... Boibepem B matpuue A nwobbie k cTpok un k

ctonbuos, rae k<min(m,n). OnpepenntTenb, COCTaBNAEHHbIA W3 31EMEHTOB
MaTpuubl A, CTOALWMNX Ha NepeceyeHnmn BbIbpaHHbIX CTPOK M cToN6L0B, HAa3biBAETCS
MWHOPOM k -ro nopaaKa matpuubl A.

PaHrom maTtpuubl A4 HaA3bIBAETCA HAMBBLICLIWIM MOPAAOK OTAUYHBLIX OT HyAA
MWHOPOB 3TON maTpuubl. PaHr maTpmupl 4 obo3HavaeTca rang 4 .

OTmeTnm, 4uTo:

1) paHr maTpuubl HE MOXET MPEeBOCXOAUTb KOJIMYECTBO CTPOK WMAM CTONOLOB
AAHHOM MaTpULbl;
2) rang A =0 TOrga v TONbKO TOrAa, Koraa matpuua A Hynesas.

Mpumep 1.16. HainTn paHr matpumuybl

1
A=|4
1

N — Mo
S = o
w WU W

PeweHwu e Tak Kak matpuua A copeput 3 cTpokun, To rang 4 <3.

Bbluncamm sce MUHOPBLI TPETbETO NopAagKa:

1 2 0 1 2 3 1 0 3 20 3
4 1 1|=0; |4 1 5/=0; |4 1 5/=0; |1 1 5/=0.
1 2 0 1 2 3 1 0 3 20 3

Bce MuWHOpbl TpeTbero nopsaka pasHbl 0, nostomy rangA<2. MuHOp

BTOpOro nopsaaka A = =—-7+#0, cnegosatenbHo, rang 4 =2.

B obwem cnyyae onpeaeneHue paHra maTpuupl nytem nepebopa Bcex
MWHOPOB AOCTAaTOYHO TPYAOEMKO. [na ynpolweHns AaHHOM 3agayum matpuuy A ¢
MOMOLLbIO 3/1EMEHTAPHbIX MNPeobpas3oBaHMUN, HE WUIMEHSAIOWMX PaHr MaTPULbI,
NPUBOAAT K CTyNeHYaToOMy BUAY

all alz oo alr oo alk
0 a a a
21 oo 2 e e Zk
g , (1.15)
L 0 0 a,, ark_

roe a; 20, i=1,...,r.
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MwuHop

all alz LY alr

0 ay ... af 0
—all 'a22 '...'arr *

o 0 .. a,

NoNly4eHHOM cTyneH4yaTon maTpuubl (1.15) HasbiBaeTca 6asucHbiM. Ero nopagok
paBeH 7, cnefoBaTeNbHO, paHr MaTpuupl (1.15), Kak 1 paHr maTpuubl A, paBeH 7.

K anemeHTapHbIM Npeobpa3oBaHMAM MaTPULLbl OTHOCATCA:
1) otbpacbiBaHMe Hy/1IeBOM CTPOKU (cToNbLa);

2) YyMHOXeHMne Bcex 3/IeMEHTOB CTPOKM (cTonbua) maTpuubl Ha OTIMYHOE OT
HY/1R YNCNO;

3) nepecTtaHOBKa MecTamu Nt0ObIX ABYX CTPOK (CTONOLOB) MaTpULbl;

4) npubaBneHMe K KaxKAoMy 3/IEMEHTY CTPOKKU (CcTonbua) cOOTBETCTBYHOLLMX
3/1eMEHTOB APYroi CTPOKM (cTonbua), YMHOMKEHHbIX Ha HEKOTOPOE YNCNO;

5) TpaHCNOHWpPOBaHME MaTPULLbI.

S 0 —
S o =

1
Mpumep 1.17. Haintn paHr matpuubl A =| 2
1

PeweHue. OTHUMEM OT TPEeTbEN CTPOKN MaTpuLpbl A nNepsyto, a OT BTOPOW
— YABOEHHYIO NepPBYHO CTPOKY:

1 2 1 1
0O 1 1 1},
0 -1 -1 -1

3aTem NpubaBMM K TpeTbel CTPOKEe BTOPYHD M OTOPOCUM MOJIYYEHHYIO HY/IEBYHO

1 211
011 1]

1
BasncHbIN MWMHOP NONYYEHHOM MaTPULbI A:‘O 1:l;ar&O nmeeT BTOPOW

CTPOKY:

o = =

1
0
0

S = N
S =

NopAZoK, CneaoBaTe/ibHO, PaHT maTpuubl 4 paseH 2.
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PaCCMOTpMM cucremy m JIMHEWNHbIX ypaBHEHMVI C n HeN3BeCTHbIMU

ar Xy + Aoy Xy +...+a>.x, =b
21X TAypXy T...Td) 2
e (1.16)

|+ @y Xy + .o ¥ @y, X, =D,

0603Haunm yepes 4 matpuuy, a yepes [A|B] — paclumpentyio matpuy
cucrtembl (1.16):

ap a, a, an a» ooy, bl
a a ... a a a e oa b
21 22 2n 21 22 2n 2
A= ; [A | B] =
Al Gy e gy | Ay Ay ooo Qun | D,

Teopema (KpoHekepa — Kanennu). [s1a mozo umobel cucmema (1.16) 6bina
cosmecmHa, Heobxo0umo u 0ocmamoyHo, Ymobbl paHz ee mampuuybl A pasHAACA

parey ee pacwuperHoli mampuysi [A|B], m.e. rang A=rang[A4|B]=r. Ecau npu
amom r =n, mo cucmema (1.16) umeem eduHcmeeHHoOe peweHue, ecau we r<n,
mo cucmema (1.16) umeem 6ecKoHe4YHO MHO20 peuweHud.

Mpumep 1.18. MicchepoBaTtb Ha COBMECTHOCTb CUCTEMY YPaBHEHUN

PeweHWKe. 3anmMwem pacliMPEHHYO MaTpuLy CUCTEMbI U NPUBELEM €€ K
cTyneH4yaTomy BuAy (He nepectaBnas nocneaHui ctonbew,):

1 2 -1 3 3] [t 2 -1 3 3] [t 2 -1 3]3
[41B]=|2 -5 4 -1 [1]|~|0 99 6 -7 |-5|~[0 -9 6 -7 |-5|.
4 -1 2 5 |4] 10 9 6 -7 |-8] [0 0 0 0 |-3

1 2
BasncHbIN MUHOP MaTpULbl A cuCTeMbl A = 0 o’ a paclwMpeHHOM MaTpuupl
I 2 3
A, =10 -9 -5|,cnepgosatensHo, rang 4 =2 # rang B =3 1 cnuctema HeCoBMeCTHa.
0 0 -3
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Mpumep 1.19. MicchepoBaTb Ha COBMECTHOCTb CUCTEMY YPaBHEHUN

PeweHune. Mneem

L1 5 20 (1 1 5 |20 |1 1 5 |2
[4|B]=|2 1 —4 |5|~|0 -1 —14 |1|~|0 -1 —14 |1|.
3 2 1 |7] (0 -1 <14 |1] |0 0 0 |O

Cuctema coBMeCTHa, TaK KaK

1 1
| COAEPKUT 3/IEMEHTbI NEPBOro M BTOPOro CTo/16L0B, cnegoBaTebHO, Tak

rang A =rangB=2. ba3sucHbii MUHOP

A:‘

KaK B Xo4e NpuBeAEHUs K CTyNMeH4YaToMy BMAY NOpAAOK CTONOLOB He M3MEHS/CA,
6a3nCHbIMK NepeMeHHbIMU ABAAIOTCA X; U X,. PelleHne cuctembl umeet Bug,

x, = —1-14x;,
x; eR.
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3apaum gnAa CamoCTOATE/IbHOIO peLlleHunn

1.22. HanTtn paHr matpuu;

1 2 2 3
1 -1 1 -1
a) ; 6)|1 1]1; B)[2 3 4|
-2 2 =2 2
_1 0 i 1 2
1 3 2]
1 4 3 1 -3 2 5
)| 2 7 5 )| 2 5 17 1 ) b4 3
r ’ - ’ e ’
a 2 5 -9
-2 -3 2 -3 8 -9 -6
- _3 7 —16_
I 2 4 5] 3 0 2 4]
3 1 2 4 1 5 3 6
) ; 3) .
-2 3 1 -7 4 7 5 2
_2 7 2_ _2 11 5 1_

1.23. UccnepoBaTb Ha COBMECTHOCTb CUCTEMY YPaBHEHWUI. B ciiyyae COBMECTHOCTH,

onpeaennTb KOnn4yecrteso peLLIeHMﬁ CUCTEMDI:

2x; = 3x, +5x; =4, X — 3%y +2x; + x4 =3,
d
4x,+3x, +5x,—x, =2,
8x; +xy +13x;—11x, =7,
n) | e)

4x, +9x, + 5x; +4x, =2,
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I'nasa 2. 3JIEMEHTbI BEKTOPHOM AJITEBPEI

2.1. BeKTOpbl HA NJIOCKOCTU U B NPOCTPAHCTBE

Bekmopom (reoMeTpuMyeckMm BEKTOPOM) Ha3blBaeTcA HanpaBAeHHbIN
OTPe30K, T.e. OTPE30K, AN KOTOPOro YKasaHO, KaKOoW M3 ero KOHLOB CYMTaeTcs
Haya/JioM, a Kakoh KoHuom. MMpu 3TOM Ntobble ABa Hanpas/iEHHbIX OTPe3Ka
CYMTAIOTCA PAaBHbIMKU, ECIM OHU MMEIOT OAMHAKOBbIE ANMHY U HanpasaeHne. Taknum
06pa3om, Hauyano BEKTOPa MOMKHO MOMeLLaTb B /106YH0 TOYKY NPOCTPAHCTBA.

Ecnn Havyano BeKTopa HaxoAuTCa B TOUYKe A4, a KOHel, — B TOYKe B, TO BEKTOP

0603HauyalT AB. BeKTOpbl TaKKe NPUHATO 0603HauaTb CTPOUHBIMM GyKBaMM

NATUHCKOro andaBuTa co CTPeNKOM Hag HUMK: a, b, c....

JnuHoli eekmopa AB HasblBaeTcA AAMHA oTpe3ka AB, obo3HavaeTca | AB|.

—

BekTop, A/NMHA KoToporo pasBHa 0, Ha3biBaeTcA HyneBbiIM M 0603Hauaetca 0.
HyneBoW BeKTOp HanpaBAeHUA He MMeeT.

—

[lBa BeKTOpa a M b Ha3blBAOTCA KOs/IUHEAPHbIMU, €CIN OHW NapannesibHbl

O4HOW U TOW e npamon. Ecam npm 3Tom BEKTOpbl @ U b UMET OAMHAKoBOE
Hanpas/ieHMe, TO OHW Ha3bIBAIOTCA COHAMNPABAEHHbIMU.

—

Tpu BEKTOpa d,b W ¢ Has3blBAOTCA KOMIMAGHAPHLIMU, €CAN OHMU

napannienbHbl OAHOﬁ N TOW e NIOCKOCTM.

—

Yenom mexay HeHyneBbIMW BeKTopaMM ad W b
Ha3blBAaeTC HaUMEHbLUMN U3 ABYX Yr/ioB, 06pasyembix 3TUMU

BEKTOPaMU NMpu COBMELLEHUM UX Havan (puc.2.1), obosHavaeTca

a=(a,b). Bektopbl @ W b Ha3bIBAKOTCA OPMO20HA/IbHLIMU

b
A . Puc.2.1
(nepneHauKkynspHbimmu), ecnm (a,b) =90°".

lpou3sedeHuem 8eKMopa a HA Yucsa0 A Ha3blBAETCA BEKTOP, 0603HaYaeMbli
Aa, BNINHA KOTOpOro pasBHa |A|la|, a HanpaBneHue coBnagaet C HanpasJieHWeMm
BEKTOpa d, ecam A >0, U NPOTUBOMNOJIONKHO emy, ecam A <0. Takum obpasom,

—

BEKTOpPbl @ W Aa KonnuHeapHbl. CNpaBeasiMBO M obpaTHoe yTBEp)KAeHue: ecnu

—
—

BEKTOPbl a W b KOJA/NIMHEeapHbl, TO OHW CBA3aHbl pPaBeHCTBOM da=Ab, roe A-—
HEeKoTopoe Yncno.
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Cymmol BekTOpoB AB wn BC HasbiBaetca Bektop AC (puc.2.2). 310
onpegeneHne Ha3bIBaOT r1PaABUIOM MPeYy20/bHUKA CNOXEHUA BEKTOPOB.

CyMMa BEKTOPOB d U b 0603HavaeTca d+b.

R b

Gi+b
Puc.2.2

CnoxeHne HeCKONbKUX BEKTOPOB BbIMOJIHAETCA NO ripasusty MHO20ye0s1bHUKQA:

A Ay + Ay Ay +..+ A, 4, =44, .

AnAa cnoXeHnAa ABYX HEKONZIMHEAPHbIX BEKTOPOB NPUMEHAIOT TaK»XKe Nnpasuio
napannenorpamma: CcyMmon BeKTopoB AB n AD asnsetcs Bektop AC, roe Touka C

— BepwKHa napannenorpamma ABCD (pwuc.2.3).

Punc.2.3

Mpumep 2.1. B TpeyronbHuke ABC paHbl CTOPOHblI AB =2, AC =3. BeKkTopbl

d n b coHanpasneHbl ¢ BeKTopamn AB n AC COOTBETCTBEHHO U |a|:|15|=1. Touka

E —cepepanHa ctopoHbl BC . Bblpa3suTb BEKTOPDI BC v AE yepes BEKTOpbl a n b.
PeweHwne. llo npasuny TpeyronbHMKa nmeem
BC =CA+ AB=-3b+2d.

[nsa Toro 4tobbl Bbipa3uTb BeKTop AE, noctpoum napannenorpamm ABDC
(puc.2.4). Mo npasuny napannenorpamma AD=AB+AC=2d+3b. TaKk Kak
AVAroHann napannenorpamma B TOYKE NepecevyeHusa AeNnAatcA nononam, Mmeem
— 1= 1

AE:—AD:—(25+35):5+1,55.
2 2
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b Puc.2.4

Echn BekTOop @ MoXeT bbITb NpeacTtaBnieH B Buae sauHelHol KombuHauuu
8eKMopos da, ,d,,...,d,, T.e.

a= ﬂ/lal + 12612 +...+ inan,

rae A, i=1,..,n, — HEKOTOpble 4ucna, TO FOBOPAT, UYTO BEKTOP d JIMHEWHO

BblpaXKaeTca Yepes BEKTOpPbI d;,d,,...,d, .

bazucom Ha Na0CKOCMu Ha3biBatoTCcA /lobble ABa HEKO/IIMHEAPHbIX BEKTOPA
é,,é,, B3ATble B onpegeneHHoOM nopagke. Jlloboi KomnaaHapHbIi ¢ 6a3nCHbIMM

BEKTOpamMn ¢,,6, BEKTOP d MOXHO npeacTtaButb, U NPUTOM €AUHCTBEHHbIM

06pa3om, B BUAE UX TMHEWHON KOMBUHALMK:

Yucna x u y B NpaBoi YacTu paseHCTBA (2.1) HA3bIBAOTCA KOOPOUHAMAMU

BeKTopa a B basuce ¢, ,¢,.

basucom 8 npocmpaHcmee Ha3blBAlOTCA Nt0Oble TPM HEKOMMAAHAPHbIX
BEKTOpa ¢€,,é,,¢;, B3ATble B onpeaeneHHOM nopsaake. Jllobol BEKTOpP d MOXKHO

npeacTtaButb, W NPUTOM e€AUHCTBEHHbIM 06pa3om, B BMAEe WX JIMHENHOWM
KOMBUHaUNK:

rae x,y,z — KoopAuHaTbl BeKTopa d B basuce ¢,é, ,é;.

—

PaBeHcTBO (2.1) Ha3biBaeTcas passoxceHUem sekmopd d no 6asucy Ha
NMAOCKOCTW, a paBeHCTBO (2.2) — pasnoxceHuem 8ekmopa a no b6asucy B
NPOCTPaHCTBE.

KoopauHatbl BeKkTOopa OObIYHO 3amnMCbIBAlOT B KPYrAblX CKOBKax nocne
6ykBeHHOro obo3HauyeHua BekTopa. Hanpumep, 3anucb d(2;—1;3) 03HayaeT, 4TO

BEKTOP d MMeeT KoopauHaTbl 2,—1 n 3 B BbiIbpaHHOM Ha3uce.
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[Ba BEKTOpPAa, 3a4adHHble KOOpAMNHATaMWN B CI)VIKCVIpOBaHHOM 6a3VICE, PaBHbI
TOrga n TOJ1IbKO TOraa, Koraa paBHbl X COOTBETCTBYHOLLME KOOPAUHAThI.

MpU YMHOMEHUM BEKTOpa Ha YMCNO BCE ero KOopAuHaTbl YMHOMAlOTCA Ha
3TO uuncnao. MpU CNOoXKEeHUN ABYX BEKTOPOB CKAaAbIBAKOTCA MX COOTBETCTBYIOLLUE
KoopAuHaTbl.

Mpumep 2.2. Mpn Kakom 3HaYeHUM y BeKTopbl d(3;—2;5) u 5(—6;y;—10)
KONIIMHEeapHbI?

—
—

PeweHwue. Bektopbl @ U b KONNMHeapHbl, €Can CyLLecTByeT Takoe YMcno
A, 4TO BbINOAHAETCA pPaBeHCTBO da=Ab. [lpnpaBHMBAA COOTBETCTBYHOLLUE

KOOPAMHATbI BEKTOPOB d@ U Ab(—64;1y;—104), noayumm:

3=-64,
2=y,
5=-104,

1
oTCloZa Haxogum, YTo A = -3 ny=4.

basnc Ha3bIBaeTcA 0PMOHOPMUPOBAHHbLIM, €CIN Ba3UCHbIE BEKTOPbI NOMNAPHO
OPTOroHa/ibHbl U UMEIOT AJINHY, PAaBHYIO eanHuLe. BeKTopbl OPTOHOPMUPOBAHHOIO

Gasnca Ha MIOCKOCTM 0BO3HaualoT i,j , a B MPOCTPaHCTBE — i,/,k. Ecam mpm

YKa3aHUU KOOPAMHAT BEKTOpa He [JaeTcA CCblIKa Ha KOHKPEeTHbIM 6asuc, To no
YMONYaHUM CYUTAOT 6A3MC OPTOHOPMUPOBAHHbBIM.

exkapmosoli  cucmemoli  KoopduHam Ha3blBaeTcA COBOKYMHOCTb
dUKCMpoBaHHON TOYKM (O, Ha3blBAEMOM HayaslomM KoopauHaT, u 6asuca é,é,,é;.

[lekapToBa cMCTEMA KOOpAMHAT C OPTOHOPMWMPOBAHHbIM 6a3MCOM Ha3blBaETCH
npamoyeossHoli (puc.2.5).

M

bl

~.

Punc.2.5
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Mpamble, Noxoaslwmne Yepes Hayaslo KOOpPAMHAT B HanpaB/eHUMUM 6asnCHbIX
BEKTOPOB, HA3bIBAOTCA KOOPOUHAMHbIMU ocamu. Mpamaa Ox Ha3blBaeTCA OCbiO
abcyucc, npamaa Oy — ocbio opduHam, npsmaa Oz — OCblo annaukKam.

Bektop OM HasblBaeTca paduyc-eeKmopom Touku M . KoopduHamamu
MoyYKu M B pacCMaTpPMBAEMOM CUCTEME KOOPAMHAT Ha3blBAOTCA KOOPAMHATbI ee
paguyc-BeKktopa. [lepBadA KoopauHaTa HasbiBaetcA abcyuccoli, BTOpaa -—
opoOuHamolu, TPeTbA — annauKamod.

OnnHa  BekTOopa  d(x;y;z), 3aAaHHOrO CBOMMM  KoOpAMHaTamMu B

opTOHOpMMpPOBaHHOM 6asunce, onpeaenserTcs paBeHCTBOM

|Ez|=\/x2+y2+22 .

Echn B AeKkapToBOW cucTeme KOOPAMHAT AaHbl ABe TOUKU M, (x;y;z) W

M,(x,;y,52,), TO BEKTOp M M, B cooTseTcTBylolem 6asmce mmeer KOopAuHaTbl
Xy —X;, Vy — Vi» Zy —Z;, @ PACCTOAHUE MeXAy ToyKamu M, u M, (anvHa BekTopa

MM, ) HaxoauTcA no dopmyne

‘Mle‘:\/(xz_x1)2+(y2_y1)2+(22—21)2 . (2.3)

Paszdenume ompe3ok M /M, 8 OmMHOweHUU A O3HA4YaeT HAUTU TOYKY
M(x;y;z), NPUHaONEXKalWy AAaHHOMY OTpe3Ky, YAO0BAETBOPAKLWYH YCN0BUIO

(MM = 2

MMz‘. KoopanHaTbl TaKoM TOYKM BbIYMCAAOTCA NO GOpMynam:

x:xl+/1x2. :yl+/1y2. Zzzl—i-ﬂzz

; ; (2.4)
1+ 4 1+ 4 1+ 4

Mpu A=1 Touka M penut oTpe3ok M M, nononam u dopmynbl (2.4)

onpeaenAarT KoopanHaTbl cepeanHbl OTPE3KaA:

X _Ntx, Nt _4at4
- ’ - ’ - .

cp 2 cp 2 cp 2

Npumep 2.3. [JanHbl BepwuHbl A(l1;-2), B(-2;4), C(5;—6) TpeyronbHuKa
ABC. Toyka K penut CTOpoHy AB B OTHOWweHuM 2:1, cynmTaa OT BepluHbl A.
Hantn gnnny otpeska KC.

PeweHMune. Tak Kak AK:KB=2:1, TO KoOpANHATbl TOYKNM K Hanaem no
dopmynam (2.4) npn A =2:
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L2 _2424
142 C KT ’

T.e. K(-1;2). OnnHy oTpe3ka KC Haiaem no ¢opmyne (2.3)

‘K—'c‘ - \/(5 —(=D)) +(-6-2)> =10.


Георгий Алексанян


