9.3. HHTerpupoBaHHe IO YACTAM

OpauM U3 3PPEKTHUBHBIX METOOB MHTETPUPOBAHUS SBISIETCS Memoo uHme-
2puposanus no yacmam. ITOT METO]] Yallle BCEro MPUMEHIETCS Ul HHTErPUPOBaHUS
HEKOTOPBIX TPaHCLUEHACHTHBIX QyHKIMiA (Hanpumep, Inx, arcsinx, arcigx ), a Takxke

MIPOU3BEICHUN anreOpandecKux U TPaHCUEHAECHTHBIX QyHKIuUi. CyTh €ro COCTOUT B
cienyromeM. Ecnmn u =u(x) u v=v(x)— HenpepsBHO quddepeHIUpyeMbie Ha He-
KOTOPOM HMHTepBaJie (YHKIIHMH, KPOME TOr0, HA 3TOM HUHTEpBaJIe CYHIECTBYET UHTeE-
rpan |vdu, To Ha HEM CYIECTBYET UHTErpal |udv ¥ uMeeT MecTo hopMmyJia
[udv=uv—[vdu.
OTO COOTHOLICHUE HA3BIBACTCA opmynou uHmezpuposanus no yacmsam. Ilpu uc-
MOJIb30BAHUU 3TOH (HOPMYJIBbI MOABIHTETPAIBHOE BHIPRXEHUE HYXXHO pa30uUBaTh Ha
JIBa MHOXHTENI # U dv TakuM o0pa3oM, 4TOObI HHTErPUPOBAHUE BHIPAXKCHUA dV
U vdu ObUTO OONIEe MPOCTBIM, Y€M MHTETPUPOBAHUE UCXOJHOTO BBHIPOKECHUS udy .
®opmyIia HHTErPUPOBAHUS IO YACTIM MOXXET MIPUMEHATHCS HEOJHOKPATHO.
Jlns uaTerpaioB BUaa

[O(x)e“dx, [Q(x)sinaxdx, [Q(x)cosaxdx,
rne Q(x) — MHOrowieH, B kauectBe u cieayer Opate (Q(x), a B KauecTBe dv —
BeIpaXeHus1 e“*dx, sinax dx, cosax dx COOTBETCTBEHHO.

B cnyuae uHTErpanos Buaa
[O(x)In xdx, [O(x)arcsinxdx, [Q(x)arccosxdyx,

[O(x)arctgxdx, [Q(x)arcctgxdx
B KayecTBe u OepyT pyHkimu Inx, arcsinx, arccosx, arctgx, arcctgx, a B KauecTBe
dv — Beipaxkenue Q(x)dx.

HHTerpupoBaHue 1o 4acTsSM UHOTAA MIPUBOIUT K HHTETPAITy, COBIAAAIOIIEMY C
HCXOIHBIM WJIM CBOJAIIEMYCS K HeMy. B 3ToM ciiyuae uHTErpajl HaXOAUTCS U3 MOJY-
YaIOIIErocss OTHOCUTENIFHO UCXOAHOTO HHTETpaJia ypaBHEHUS.

IIpumep 9.34. Haiiti uaTerpan _[ (5-x*)e* dx.
Pemenue. [lonoxum u=>5—x>, dv=e**dx. Torna
2x 1 2x 1 2x
v=|e“dx==|e"d(2x)=—e"", du=-2xdx.
J Sled@n =2
ITo popmysie HHTErPUPOBAHHUS IO YACTSIM UMEEM
[(5—x*)e* dx = %(5 —x?)e* - %j’ez" (—2x)dx = %(5 —x*)e* + [xe* dx.

HTaK, MBI IOHU3UJIK CTCIICHD X Ha CAUHUILLY. HOCTyHHM aHaJIOTM4YHO C UHTC-

rpajioM I xe**dx, T. eme pa3 NPUMEHHM HHTETPHPOBAHHE IO YaCTAM: 33 U

1
BO3bMeM X, a3a dv — e**dx. Tornadu =dx, v= Iez"dx = Eez". s ynpoueHus

BBIYHCIICHUH IIPH epexosie OT dv K v MOxHO nojarate ¢ = (0. CienoBaTensHo,



_[xez"dx = 1 —_[ezxdx = l ™ — 1 . lez" + ¢. OKOHYATEIHLHO UMEEM
2 2 2 2

I(S—xz)ez"dx=5(5—x2)e2x +%xe2" - iez" +c.

2

ITpumep 9.35. Haiit uHTETpa jﬁdx
x

Pem e nue. Haxomum
j—zdx [u x, dv =3 —x*) 2 xdx, du=dx, v=[(3-x*)*xdx =
(B-x*)
L PN Ao _ Yea 220 20 1 G- )11
== 16=x) (20 == [3-x") 23 - ) == O “2- x)}
_ X _lJ. dx _ X —lf dx _ X +lf dx _
23-x%) 2'3-x* 23-x?) 2 (\/5)2—x2 2(3—x2) 2" x? - (\3)?

x 1 s \/_’ x \/_
2(3x)22f x+ﬂ T 26-%) 4f

IIpumep 9.36. Haiitu unrerpan j m.

1
Pemenue. [IpeacraBuB uucnurens B BUIE —2((a2 +x%)—x?) u pasmenus
a

€ro MOWICHHO Ha 3HaMeHaTelb, MOIy4HMM JBa HMHTerpaia. Ko BTopoMy mpuMmeHuUM
(bopMyITy HHTETPUPOBAHHUS IO YACTIM:

,[ dx I(a+x)x ZJ»

(x+a) a’ (*+ad*)’

s

xdx 1 d(x2+a2)_
x*+a*) 27 (x*+a%)’ -

i e

(x +a) (x +a)

xdx

S du=dx, v=[—
(x* +a*)’

=[u=x, dv=

—j(x +a*)3d(x* +a )_1 Fra®)”

-2 4(x +a) }

(x +a )
1 X 1 dx
-—- + +
az[ 4(x2+a2)2 4I(x +a*)? J 2‘[(x +a*)? 4aZJ(x2+az)2
N b'e B dx N X
4a2(x2 +az)2 4a2 (x2 +(12)2 4c12(x2 +a2)2 ’

B pesynbrate npumeHeHus GpopMyibsl Mbl IIOHH3WIN CTEIICHb 3HAMEHATENs Ha
€AVHULY M TOXYYWIM aHAJIOTMYHBIA HMHTErpasl, K KOTOPOMY BTOPUYHO IIPUMEHUM
(GbopMyITy HHTETpUPOBAHHUSA IO YaCTAM:



& _ij.(a2+x2)—x2 1.ode 1. X _
(x*+a*)? a* (x*+a?)’ a* x> +a*> a* (x*+a*)?
2
=i2 larctg—— — |5 dx=|u=x,dv= L du = dx,
a® a (x* +a?)? (x* +a*)?

1d(x+a)1 2 1
vI(x+a) A j‘(x+a)d(x1|—a)2—_1

1 1 x 1 X 1 dx 1 X
=—————_|=—arcig=———| - += 5 |=—arctg =+

2x* +a*)| a a a 2x*+a*) 2 x*+a a a
x 1 dx 1 x x 1 1 X
2a*(x* +a?) 222 2+ a? =a—3arctg;+ 2a*(x* +a?) 24° ~Zarctg;+c=
1 x x
=Earctg;+—2az(x2 +a2)+c.

OKoOHYATEIBLHO IIOJIy4YUM

) e _3[1 arctg ¥+ X ycl+ X =
(x* +a?)® 4a*\24° a 2a°(x*+a*) 4a*(x* + a?)?

=——_arctg —+ X 3x +c
8a’ ga 4a* (x* + a*)? 8a4(x2+a2) .

IIpumep 9.37. Haiitu unrerpan j Va® —x* dx, ecmu a>0.

Pemenue.

[vVa* - x? dx=|:u=\/a2—x2, dv =dx, du=—i2, v=x}=
X

a—

—dx = xVa® —x* —j’g—de xVa? -x* -

=xva’-x? -
J.\/a —x?
—(vVa? = x*dx + a* —x\/az—xz— \/az—xzdx+a2arcsin—+c.
a Fr / a*

Mzl MOJYYHIIK YPAaBHCHUE OTHOCHUTECIIBHO UCXOJHOI'O MHTErpaia, u3 KOTOpOro
HaxoauM

_[\/a2 —xzdx=%x\/a2 —x? +%a2 arcsin£+c.
a

IIpumep 9.38. Haiitu unrerpan jlog3(5x +1) dx.

Pemenue. Tak kak log3(5x+1)=h1i3h1(5x+l), TO



j'log3(5x+1)dx=lni3[ln(5x+1)dx=|:u=ln(5x+l), dv=dx, du= 5dx v=x:l=

Sx+1

- L xIn(5x+1)—| X dx)=i(xh1(5x+l)—jwdx)=

In3 5x+1 In3 S5x+1

1 1.d(5x+1) 1 1
=—|xh(Sx+)-Jdx+—-|—F [=—(CI(5x+ 1) —x+-In(5x+ 1)) +c=
ln3x(x)f 5'[5x+ljln3(x(x)x5(x N+e
=L (x+l)ln(5x+l)—x +c.

In3 5

IIpumep 9.39. Haiitu uaterpan _[ (x* —x+1)cos5xdx.

Pem e nue. Tak kak OMHUM U3 MHOXUTEJEH SIBISAETCS MHOTOWICH BTOPOU
CTEIEHHU, TO HalIeM JaHHBIN WHTErpaj, MPUMEHHB OCIIEeI0BATEIbHO 1Ba pa3a ¢op-
MYJly HHTETPHUPOBAHUA 110 YaCTSM:

I(xz —x+1)cos5xdx =[u=x*—x+1, dv=cos5xdx, du=2x—-1)dx,

2 —
v =Icos5xdx . %IcosSxd(Sx) = %sinSx} = xTstinSx - %_[(2x —1)sin Sxdx =

=[u=2x—l, dv =sin5Sxdx, du=2dx, v=%jsin5xd(5x)=—%cos$x:|=

2 _ 2
=x—x+lsin5x—l(— 2x 1cos5x+gj'cos5xa'x]=x—erlsir15x+
5 5 5
2
+ 2 cosSx — iIcosSxd(S)c) = x—x+lsin5x + 2x 1cos5x - isinSx +c=
25 125 5 125

_2x-1

cosSx + l(xz - X+ §)sinSx +c.
5 25

IIpumep 9.40. Haiitu unrerpan I e“ sin(bx)dx .

Pemenmue.

[e™ sin(bx)dx = { u=e", dv=sin(bx)dx, du=ae“dx, v=/sin(bx)dx=
1 . 1 1 ax a ax
=—[sin(bx)d (bx) = ——cos(bx)} =——e" cos(bx) + —[e” cos(bx)dx =
b b b b
= [u =e", dv =cos(bx)dx, du = ae“*dx, v = [cos(bx)dx = %j’cos(bx)d (bx) = %sin(bx)] =

= —%e‘”‘ cos(bx) + %(%e” sin(bx) — %je‘” sin(bx)dx) +c.



U3 110;1y4€HHOr0 OTHOCHTEIBHO HCXOAHOIO MHTErpaia ypaBHEHHUS HaXOIUM
2
. a . a . 1
[e® sin(bx)dx + b—zje‘”‘ sin(bx)dx = b—ze‘”‘ sin(bx) — Ze“" cos(bx) + c. Orcrona

b* a 1
“sin(bx)dx = —e" sin(bx) — —e™ bx)|+c=
[e“ sin(bx) Y (bz e” sin(bx) 5e cos( x)) c

ax

5 (asin(bx) —bcos(bx))+c.
a

IIpumep 9.41. Haiitu unTerpan Isin(]n x)dx.

Pem e Hue. [IpuMenum oacTaHoBKy Inx=¢,Torma x=e', dx=€'dt u
Isin(ha x)dx = I e'sint dt. Tlocnemuuii uHTErpan yxe Haiifed B o6meM BUE C IIO-

MOIIbIO0 HHTETPUPOBAHUS 1O YacTaM (cM. mpumep 9.40), moaromy
t

[sin(in x)dx = fe' sint dt =%(sint—cost) +c=§(sin(lnx) —cos(Inx)) +c.

arctg x

dx.
Ux

IIpumep 9.42. Haiitu unTerpan I

Pemenue HUmeem:

J. arctg 3\F
Ux

=[u=arctgt, dv=tdt, du= dtz, v=jtdt=lt2:|=
1+1¢ 2

arctg t

dx = [\/_—t x=2, dx= 3td] [——2=.3¢%dt =3[tarctg tdt =

2

=3| —t“arct t——
(2 & I 1+¢

2 lft %tzarctgt—%t+§arctgt+c— ((t2+1)arctgt—t)+c=

= 5((3\/x—2 +Darctg Vx - 3\/;)+ c.

2
Sdt |= §tzarctgt _3 w
2 1+¢

3, 3
dt ==t"arctgt ——|dt +
S arcigt =]

arcsinx

\/(IT

IIpumep 9.43. Haittu unrerpan I

Pem e Hue. Haxomum

j- arcsinx

J(I=x?

{u =arcsinx, dv=

g dx g dx
-2 N=x - x)



dx 2 1 e 1 1 t
=-[ 252 2 (l r=rX =177 52 Tldth
(1-x?)* J1-x t 7 V t 222\t

( o g L tdt _1c@=D+1, 1. S
tdt j _zj N/ dt_zj(t D2d(t-1)+

3
1, . 12 - > P,
_ -1 2 —DN==—-= 12 2 —1== =
+ZI(t ) 2d(t-1) 2 3(t )+ (l—xzj i 1-x°
_x(3- 2x) _x(3- 2JC)arcsmC I Gx— 2" ) =
3122 | 30-xy (a2
3
G 2x) 3j(33(‘1 2)§)de x(3-2x° )arcsmx+
3(1 x)2 x 3(1—x )2
3_ —
11J‘(4x 4)?22xdx 3x-2x° - arcsinx +— jd(l 27 +X) 1_[ Xd§2=
(1-x%) 30 )2 1-2x*+x* 3 (1-x%)
x
=_3x 2x3arcsinx+%ln(1—x2)+éjdl(1 f)z) 3x-2x arcsmx+;ln(1 x%) -
31-x)2 (=7 30y
1
- —+c
6(1-x°)

33}13‘“[ AJIA CAMOCTOATEC/IBHOI'O PCIICHHUSA

Haiitu unaTerpais!.

9.221. [e’ax. 9.222. [xedx

9.223. [xedx. 9.224. [(x+3)e"dx.
9.225. I(x2+3x—5)e§dx. 9.226. j(5x2+7x—1)e_§dx.
9.227. [(2x—7)e*dx. 9.228. [e’*dx.

9.229. [e**ldx. 9.230. [xe™dx

9.231. [xedx. 9.232. [x2%dx

9.233. [x7%dx. 9.234. [(ax+b)e™dx.

9.235. [T dx. 9.236. [x%edx.
T



9.237.

9.239.
9.241.
9.243.

9.245.

9.247.

9.249.

9.251.

9.253.

9.255.
9.257.

9.259.

9.261.

9.263.

9.265.

9.267.
9.269.
9.271.
9.273.
9.275.
9.277.
9.279.

9.281.

9.283.

2_
Ixexdx.
X

.[xze_gdx.
[(e* —x)*dx.
jx3e_xdx .
[xPe”dx.

jxsexzdx )

j(ex +x)’dx.

e2 sin3xdx .
J
[ sinxdx .
Ie"zx sin? xdx .
.[e" cos3xdx .
jezx cos%dx.
Ie‘”‘ cos(bx)dx .
I\/25 —x*dx.
2

X
Sy ®
.[\/xz +7dx.
jlnxdx.
[In5xdx .
[In(x* —1)dx .
_[xlnxdx.
[xIn(x+1)dx.
[@x+D)In(x —1)dx.

2 %
[x In > d.

J‘(x2 —2x+2)Inxdx.
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Ixzesxdx )

[(* +2)e > dx .

I(ex +x+1)%dx.

jx3 e dx .

Ix3 (e +e)dx.
Jx-1

xe
I
_[e" sin xdx .

Iezx sin Sxdx .

X 3 2{
je sin 4dx.
[e*sin’ (bx)dx .
I(e" —1)*cosxdx.
Ie‘“‘ cos(e™)dx .
jxe" sin xdx .

dx
S ey

I\/x2+9dx.
. vaz +a’ dx.

. [In(x+2)dx.

. [In(9-x)dx.

. [log,(1-2x)dx.
. [xIn3xdx.

. [VxInxdx.

. [x*Inxdx.

. [x*In(2 + x)dx.

. [XIn(x +3)dx.



9.285.
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9.323.
9.325.
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[(x* —8)In2xdx .
Ixm23xdx.

[(x=1)?In*xdx.
[l

2
X

J«h‘12x

dx .

dx .

X
3
(%) =
[sin~/2x dx.
Ixsin4xdx.
[(x=3)sin2x dx.
Ixzsmxdx.

[(2x* —3)sin2x dx.

I(xz—x+3)sm§dx.

Ix3smxdx.

IXCOS)C dx.

sin? x

x—1
J.sin?'xdx'

[sin(In 5x) dx.

f sin(ln g)dx.

I(x - l)cos\/;dx.
Ixcos3xdx.

I—o—dx

9.286.
9.288.
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9.310.

9.312.

9.314.

9.316.

9.318.

9.320

9.322.

9.324.
9.326.

9.328.

[In?xdx.
[¥/xIn*xdx.
J‘()c2 +3x)In xdx.

[xsinx dx.
[(x+2)sin5x dx.
Ixsm\/; dx.

Ixz sin 7x dx.

_[(xz + a)sin 2x dx.

[(x* —2x+3)sin3x dx.

Ix3 sin x? dx.

IXCOSX

dx.

sin> x

x
Isinz 6x dx.

A sin(ln %)dx

Icos\/;dx.

Ixcosxdx.
[©Ox—T)cos2xdx.

Ixz cosxdx.



